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Abstract, The integrable initial boundary value problem on a semi-line for the nonlinear
Schradinger equation is considered. It is shown that by means of the Bicklund transforma-
tion this problem can be reduced to the well known Cauchy problem for the same equation
on the line.

1. Introduction

Nowadays there is considerable interest in investigating boundary-value problems for
integrable nonlinear partial differential equations [1-6]. In the traditional scheme of
the inverse scattering transform (isT) [7, 8] for one-dimensional evolutionary systems
the Cauchy problem on the line x e (—co, +o¢) is considered in the class of rapidly-
decreasing functions at x - =00, The possibility of efficiently investigating the Cauchy
problem on the line is one of the main analytical achievements of 1sT. The periodical
problem for integrable equations which led to the creation of the far advanced theory
of finite-gap integration was another traditional object of investigation [7].

The investigation of the problem with local boundary conditions was much less
simple. The first example (the nonlinear Schrédinger equation (NSE) on a semi-line
with Dirichlet or Neumann beundary conditions) was studied in [9). However, as a
rule, it was impossible to apply the 1sT apparatus to solve such problems and the
investigation was confined to numerical methods. A significant advance was made in
[1] which suggested a method of obtaining boundary conditions consistent with the
complete integrability of the model, and gave non-trivial examples of integrable
boundary problems. For the investigation of the boundary problem on a semi-line for
the nNse Sklyanin [1] suggested the use of a symmetrical reduction of the auxiliary
linear problem which might naturally be called the NsE with point spin impurity. Such
an approach was used in [2] to investigate a mixed boundary problem on a semi-line,
and in [3] to construct algebro-geometric solutions of boundary problems on a semi-line
and on an interval (see also [12]).

Habibullin [10] suggested another approach to the derivation of integrable boundary
conditions based on the symmetrical reduction of the Bicklund transformation (sT)
associated with the original nonlinear equation. One can show both approaches to be
equivalent. In particular, the impurity L-operator [2, 3] plays the role of the initial
condition for a ‘dressing-up’ matrix in the BT (see section 2).
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In this paper we will demonstrate the effectiveness of the second approach using
the NSE in the attractive case

i, + s, +2)ulPu=0 (1.1)
and a mixed boundary condition at the point x=0
(u, —2ou)|cp=0 {(a eR). (1.2)

Our results may be easily transferred to other models allowing an integrable boundary
condition to be obtained.

It should be noted that the third approach to boundary problems generally
equivalent to the former ones was independently suggested in [4] the result of which
has much in common with those of [2].

By the way, the integrable boundary problem for the Nse in the quantum case was
investigated earlier than the classical one [11].

2. Derivation of boundary conditions from BT

Let us describe the way of obtaining boundary conditions by means of the ‘dressing-up’
procedure (or BT) using the example of a NSE-type complexified system

it + e — 200 =0

(2.1)
i, = v ~20°u=0.
The Jinear spectral probiem associated with (2.1) has the form [7],
V(x, A)=U(x, A\)¥(x, A)
U(x,/\)=—i,\a3+( 0 ”(")) (2.2)
u(x) 0

o, = diag(l, —1).

In addition to the initial 2% 2 matrix ¥-function, consider the dressed-up function
Wix, A):

B(x, A) = L(x, MW (x, A) L(x, A)=(AD(x)+ A(x)) 23
D=0 A(x) = a,(x) ij=1,2 '

satisfying equation (2.2) with the substitution of the potentials u(x) and v(x) for the
dressed-up potentials #(x) and #(x}. The differential equation on matrix L(x, A} has
the form:

Lo(x, A)= Ulx, M) L(x, A) = L(x, A)U(x, A). (2.4)

Hence 2 is a constant diagonal matrix D2 =diag(d,, d,} and, besides, the algebraic
relations: :
Ziau = dza - d,u

(2.5)
Ziazl = dzv _'d]ﬁ
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and the differential equations:
8,2y =ty — va,;

G lts; = VA 7 — Uady,

- {2.6)
Oy = Uy — U,
052 = Dayy — Vaz;
are valid. Note that det L{x, A) = constant, that is
d,a,,+d.a,, = constant @,,052— &,,85, = CONstant. (2.7)
From the system (2.5), (2.6) it follows that
dzﬁx - d] U, = 2i( ﬁazz - ua. E)
(2.8)

d\ b, — dyv, = 2i{vay, — ta,,).

It is easy to see that the system (2.5), (2.6} unambiguously determines (at least locally)
matrix A(x), and therefore #(x), 6(x) at fixed u(x), v{x), D, A(0). The pair u(x),
v(x) may be called the BT from the functions u(x) and v{x).

The main observation is the following one. Suppose in relation (2.3) D =T and we
demand that the symmetry condition,

u(x)=1(-x)

v(x) = 6(-x) 29)
should be satisfied. Then (see (2.8)) the boundary conditions

{u +i(az~ay)u)|,oo=0

(v, +i(a:n— au)v)‘xzﬂz 0

are valid as in [1].

One can show that the system (2.5), (2.6) in the general case (see appendix A) is
consistent with the symmetry relation (2.9) if and only if d% = d2 # 0 and d, a5, + d2a,, =
0, special cases being of no interest. We shall confine ourselves to the case d,=d,=1,
a;{0) = —a;:(0) = —ia, that is

L0, A)=A—iao, (2.10)
(1, —2au)| =0 (e —2av)|c—e=0. (2.11)

The possibility of d, = —d, may be considered in a similar way (see appendix A).
This consideration allows the additional reduction of reality:

u(x)=-0(x). (2.12)
Under this condition the system (2.1) takes the form of nsE (1.1) and in formulae (2.3)
we may take

o, L(x, ) oy = L(x, A) 0'2='“( 0 _i) {2.13)

the spectral problem takes the form
To(x, )= U(x, A)¥(x, A)

0 u(x))
—-d#(x) 0

(2.14)
Ulx, A) = —iAa'3+(
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and in relations (2.10) and (2.11) & becomes real, so that (2.11) transforms into
boundary condition (1.2). Further we shall confine ourselves to considering the real
case (2.12). Another real reduction u(x) = #(x) will be studied in another paper.

Under reality conditions {2.12) the system (2.5), (2.6) will have a unique global
solution at any permissible D and A(0) (see appendix B). Furthermore we shall deal
only with rapidly decreasing potentials u{x):u(x)-=0, |x|>+c. In this case the
potential ii(x) will also be rapidly decreasing (see appendix C).

3. Boundary conditions and scattering data

Let us take u(x) to be a smooth rapidly decreasing function on the line x & {—00, +00),
satisfying the symmetry condition

u(x) = a(x). (3.1)

We think that the dressing-up matrix L{x, A) satisfies relation (2.10). We shall show
that condition (3.1) can be effectively formulated in terms of the scattering data for
the potential u(x).

Recall the definition of scattering data. Let ¥(x, A) be arbitrary solution of x-
equation (2.14) with the potential u{x). The transition matrix T(A) is defined in the
following way:

T(A) = liT (exp(iAasxy¥(x, A)¥ ' (—x, A) expliro;x)) (Im A =0) (3.2)

N .
and due to reduction (2.12} it has the form

a(A) hm) det T(A\) = 1.

T(")z(bm )

An equivalent definition of T(A) as the connection matrix between Jost solutions
¥ .(x A):

Wo(x, )= _(x, \)T(A) ImA=0

follows from (3.2) with ¥{x, A)=¥_(x, A). (Remember that ¥.(x, A) are the solutions
of equation (2.14) with the following asymptotics ¥_(x, A) = exp(~iAcyx) if x > +00.)

It is a matter of common knowledge {8] that in the case of rapidly decreasing
functions u(x) the coefficient a(A) has an analytical continuation into the upper
half-plane C and probably has zeros at points A;, Im A, >0 there. The Jost function
columns at these points are proportional to each other:

YA TIA) =P (A) y(A;) %0, 0. (3.3)

Let us consider all the zeros a{A) to be simple and non-real and their number to be
finite. We shall denote the set S(A)={b(A), A;, ¥(A;),j=1,..., n} of scattering data
for the potential u(x). The coefficient a(A) is obtained at Im A =0 by the formula

TOA—Ag 1 .[ 10g|1—|b("7)|2| )
= — — | ————————dn]. 34
a()t) klll )l"‘t\.k exp(z‘ﬂ'l R 7]"")\ K ( )

We know [8] that between the scattering data S(A) and the potential u(x) there is a
one-to-one correspondence.
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Proposition 1. The symmetry (3.1) of the potential u(x) is equivalent to the following
restriction on scattering data S(A):

a(=A)=a(l) )
b(-A)= b(A)j—ﬁg B =a(-1)"
Y1) y(—Rg) = e tiB (36)

A—ip’
Proof. Let us first prove the statement (3.5). From the symmetry (3.1) it follows that
o3 U(~x, —A)ory=—U(x, A), hence
o P(~x, —2) =¥(x, A)M(A) (3.7)

with some matrix M(4) independent on x. From the definition {3.2) of the scattering
matrix and formula (2.3) it follows that

TA) =03 T (=N a3 =(A—iB.03) T(A) (A —if_o5) " (3.8)

where (A —i8.0;) = L(x00, A) are the limiting values of dressing-up L-matrix, B2 = a?,
(see appendix C).

Lemma 1. The relation

B.=B_=8 (39)

is valid.

Proof. Using the condition (3.7) twice and taking (2.3) into account, we shall get the
equality

o3 L{—x, —A)o, L(x, A) = M(A)M{(—=1). (3.10)

Taking x =0 and taking into account (2.10} we have M(A)M(—A)}=—(A*+a?)[. The
variable x tending to =0 in (3.10) we get relation (3.9). Lemma 1 is proved.

Lemma 2. Let n be the number of points of the discrete spectrum A;, Im A; > 0 for the
potential u(x). Then B8 =(-1}"a

Proof. From the relationships {2.10} and (3.7) it follows that M(0)=-ial, Now
we shall use the representation following from (3.7) W(xA)=
L7 '{x,A)o3¥(—x, —A)M(—=A), and calculate matrix T(A) in the point A=0: T(0)=
(a/8)1. On the other hand, from (3.8) and (3.9) it follows that a(0)=+1, b(0)=0,
T{0) = a(0)1. From the representation (3.4) for a(A) it follows that a(0)={-1)", that
is the statement of lemma 2 is proved. The formulae (3.5) are readily derived from
(3.8) and lemmas 1 and 2.
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Now we shall prove formula (3.6). From the definition (3.3), the Jost function property
To(x, A)= U;‘I’ (—x, —A)c;, and normalization condition (2.10) we get at x=0

—ip

M_ ﬁqr (0, =Ay). (3.11)

W0, —A) = _Y(/\k)

On the other hand due to reality condition (2.12)
V(% 1) = 02¥(x, )0
and therefore
W20, =) = =y (=R ¥ (0, =As). (3.12)

Comparing equations (3.11) and (3.12) we come to formula (3.11). One can see that
due to one-to-one correspondence S(A) <> u(x) our consideration can be reversed, that
is the symmetry property (3.1) of the potential u{x) can be derived from the formulae
(3.5) and (3.6). Proposition 1 is proved. 1

From formula (3.6) it follows that purely imaginary points of the discrete spectrum
A;, Re A; =0 may lie only beyond the interval [0, ija|], i.e. |A;| > |a]. Note that for the
finite potential u{x) formula (3.6} can be obtained by analytical continuation from
formulae (3.5).

4. Boundary problem for NSE on a semi-line

Let up(x) be a smooth function at x =0, rapidly decreasing at x -+ and satisfying
boundary condition (1.2} at x =0. Then we make the BT f;(x) of the function uy(x)
with the dressing-up matrix L(x, A), normalized by the condition (2.10). Note, that
due to (2.5), (2.6) and (2.10)

i(0) = u,(0) d.tig(0) = —d,ue(0) Biﬁo(O) = 3,?:”0(0)-
Now let us introduce the function u(x) defined on the line
u(x}= uy(xYH{x)+d(—x)H(-x) xeR (4.1)

where H(x) is the Heaviside function: H(x)=(1+sign{x})/2. We can see that u(x)
is a C*-smooth function rapidly decreasing at {x|— o and satisfying symmetry (3.1)
by construction. The higher smoothness u{x)} is equivalent to validity of additional
boundary conditions on the function u,(x) (see appendix D).

Now we have all that is necessary to solve the following initial boundary problem
for the NSE on a semi-line: the construction of the function u(x, t), satisfying equation
(1.1) at x =0, boundary condition (1.2) and initial condition u(x, 0) = ug(x). To solve
this problem let us consider the function u(x) from (4.1} as the initial datum for Nsg
(1.1) on the line; let u(x, 1) be a solution of such a Cauchy problem. The scattering
data for the potential u(x, r) depend on time in a well known way [8]:

a(r, 1) =a(a,0)
b(A, 1) = b(A, 0) exp(4ir®t) (4.2)
y(As, 1) = y(A;, 0) exp(diAj1)
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and at ¢ =0 satisfy the symmetry conditions (3.5) and (3.6). However, these symmetries
are clearly compatible with evolution (4.2), hence u(x, f) satisfies relation (3.1} and
therefore boundary condition (1.2) at all «. Consequently, the restriction of u(x, t) on
the positive semi-line gives the solution of the initial boundary value in question at
all ¢

Besides, returning to complexified system (2.1), let us consider its solution u(x, 1),
v(x, t). Requiring that the BT #(x, 1), &(x, ) should also be a soluticn of the system
(2.1) we shall obtain the equation

Lix t,A)=V{(x, t, L(x, £, A)— L(x, 1, A) V(x, £, A)
u(x, He{x, t) —u.(x, t) )

Vix, 1, A)=2AU(x, 'ﬂ\)"‘( v, 1) —u(x, t)v(x, 1)

which is consistent with equation (2.4). Thereby the BT is transferred to solutions of
system (2.1) and the symmetry relations (2.9) can easily be seen to agree with the
dynamics over t. Therefore the suggested method of solving the initial boundary value
problem in the class of rapidly decreasing functions can be extended to other cases
{e.g. the class of functions having constant non-zero asymptotics, i.e. those satisfying
the so-called boundary conditions of ‘finite density’).

Appendix A

Let us determine the conditions at which the system (2.5), (2.6) is compatible with the
symmetry relation (2.9). We shall denote A(x) = A({—x), and write down the equations,
which follows from (2.6) and (2.8) after substitution (x > —x) and account for the
relation (2.9)

8.l = Day2 — Uds,

Oyllyy = Hldy; — U5

8,8, =1d| — Udsy

3.y = Ddyn — vay,

dyu, —d i, = 2i(dd,, ~ ud,,)

dyf, — d v, = 2i(Ddy — vdy, ).
These equations together with the equations (2.6} and (2.8) form the system M: ¢, =
F(¢) for vector

£(x) = (u(x), (x), i(x), 5(x), A(x), A(x))eC"

where F(¢) is a smooth function. If di # d2 the matrix M is reversible and, at least
near the point x =0, £(x) is unambiguously determined by the initial value £(0). Finally
we shall get the six-parametric class of potentials u(x), v(x) which is not obviously
sufficient for the solution of the initial boundary value problem.

Now let d, =d,. Due to (2.5}, a,,(x) and a,,(x} are odd functions, therefore due
to (2.6) u{x)a, (x)— d(x}as(x), #{(x)a; (x)—v(x)axn{x) and a,,(x) — ax{x) are even
functions, hence either a,;{x)+ a,,(—x)=0 or u(x) =#(—x) and v(x) = 6{-x). In the
general case it is enough to consider only the first possibility because it contains the
case of odd potentials u(x), v(x), as well. Similarly, in the case d, = —d, we get the
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relation a;,(x} - a;(—x) = 0. It also is clear that at d} = d3 and d,a,,(0}+ d,a,,(0) =0
the system (2.5), (2.6) is indeed consistent with the symmetry relation (2.9).

If d, = ~d, equation (2.8) becomes an identity. Differentiating (2.8) over x substitut-
ing x =0 we get boundary conditions

(uxx _i(ali + I::':22)1";:)'.3::0 =0

(Do —ia T a2)0,)|c=0=0.

Appendix B

We shall show that, in the real case (2.12), equations (2.5) and (2.6) are globally
solvable for any admissible (see (2.13)) initial data L(0, A). Because matrix D # 0 and
o,Do,= D then D is a reversible matrix D = diag(d, d). The dressing-up matrix L(A)
can be represented in the form

LAN=D-(A+D7'A)=D-(A+ s+ Ay

where A,=constant, Tr A, =0, A,=—A]. In order not to complicate the presentation
hv technical details we shall olnqelv consider only the case N = i A(m = —iaa;, which

is just necessary for our purpose. The general case is similarly analysed.
Let ¥{x, A) be the solution of equation (2.14) corresponding to the potential u{x)
and satisfying the reduction

o W{x, Aoy =¥{(x, A} (B1}
clames validies i+ n anmiioh ta ahancs TN 3Y— T Aoenle 1y 3 ama (7 2N
10T Wii0sC VaniQily iv 15 Sn0ugn 10 Cnoose y\v, A) = 4. Matrix T X, /\; \acc (&)} uuc

to (2.7) and (2 10} is degenerate at points A ==*ia at all x. According to (1 .2) the
subspaces ker ¥(0, +ia) are produced by vectors (3) and (3) respectlvely Let us require
that these subspaces should be the same at all x

[xir(x,ia)((l)) =0
Fix, —ia) ((1)) =q.

Equation (B2) is the system for determination of matrix A(x)

(B2)

(AV'(x ig)=iaW'(x ix)

{A‘I’z(x, —ia) = —ia¥i(x, —ia). (B3)
(' and ¥? are the columns of matrix ¥ = (¥, ¥7).) Note that due to the reduction
(B1) eigenvectors of matrix A(x) are orthogonal in C* at all x. So the system (B3) is
always uniquely solvable and determines the function #{x) (see (2.5)).

Due to the fact that the degeneration points of ¥-function A = +ia and correspond-
ing subspaces ker ¥(x, ia) do not depend on x, the function ¥(x, A) satisfies (see
{8]) equation {2.14) with the dressed-up potential i(x), equations (2.5) and {(2.6) being
valid for matrix A(x). Thus we have the global solution of the system (2.5), (2.6) with
arbitrary admissible initial data A(0). The uniqueness of such solution follows from
the general theory of ordinary differential equations.
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Appendix C

We shall show that if the potential u(x)} is rapidly decreasing u(x) -0, |x|— o0, then
its BT #(x) is also rapidly decreasing and the dressing-up matrix L(x, A) has diagonal
asymptotics

Lix,A\)=AD+ A, X > 00,

Again we shall only confine curselves to an interesting case (2.10). Let ¥(x, A) be a
matrix consisting of the Jost functions columns

(T, P2)(x A) ImA=0
(L, TH)(x, A) ImA=0.

The ¥-function obtained is analytical on A in the upper and lower half-planes, and
at x— o0, |[Im A| > 0 has asymptotics (see [8])

Wix, A) > (C{A)+0(1)) exp(—iAosx) (C1)

Yix,A)= {

with some diagonal matrices C.{(A) not depending on x.
The dressed-up matrix ¥(x, A) degenerates in points A = £i#, & =|al, subspaces
ker W(x, +i#) being produced by either

() e (7)) e
) e ()

respectively. Let x - +00. Then taking into account {Cl) we come to asymptotic
equalities

or

1
L{+o00, iﬂ)(o) =0
in the first case

L(~, —iﬂ)(?) =0
and

L(+oo,i19)((1)) =0

in the second case.

L(~c0, —iﬁ)((l)) =0

Hence

L(+o0,A)=r~iB.oy Bi=a’. (C2)
Similarly we find that at x » —0

L(-0,A)=A—iB_oy Bil=a’. (C3)

From (C2), (C3) it immediately follows that the potential &(x) is rapidly decreasing
(see (2.9)).
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Appendix D

As we have mentioned, the validity of boundary condition (1.2) for wu,(x) provides
C*-smoothness of the function u(x) determined by formula (4.1). The requirement of
higher smoothness of u(x) is equivalent to additional boundary conditions on u(x)
of a higher order than the derivatives. They are obtained by means of differentiating
the equalities (2.7} with the subsequent substitution x = 0. The derivatives from other
functions can be eliminated using equalities (2.5), (2.6} and (2.9) and their implications.
The same boundary conditions may be obtained by differentiation of boundary condi-
tion (1.2) over t and using nNsg (1.1). These additional boundary conditions are also
boundary conditions for higher NSEs; they were considered in such terms in [2]. For
example, the boundary condition

(83— 2 (3% 1o+ 4| M| o)) cca =0

is equivalent to C*-smoothness of u(x).
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